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Abstract. X-machines were proposed by Holcombe as a possible specification language and since then a
number of further investigations have demonstrated that the model is intuitive and easy to use. In particular,
stream X-machines (SXM), a particular class of X-machines, have been found to be extremely useful in
practice. Furthermore, a method of testing systems specified as SXMs exists and is proved to detect all faults
of the implementation provided that the system meets certain “design for test conditions”. Recently, a system
of communicating SXMs was introduced as a means of modelling parallel processing. This paper proves that
each communicating machine component can be transformed in a straightforward manner so that the entire
system will behave like a single stream X-machine - the equivalent SXM of the system. The paper goes on to
investigate the applicability of the SXM testing method to a system of communicating SXMs and identifies
a class of communicating SXMs for which the equivalent SXM of the system meets the “design for test
conditions”.
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1. Introduction

Introduced by Eilenberg [Eil74] in 1974, X-machines are proposed by Holcombe [Hol88] as a basis for a
possible specification language and since then a number of further investigations have demonstrated that the
model is intuitive and easy to use as well as general enough to cater for a wide range of applications [HoI98],
[FHI95].

In its essence an X-machine is like a finite state machine, but with one important difference. A basic data
set, X, is identified together with a set of basic processing relations or functions, Φ, which operate on X. Each
arrow in the finite state machine diagram is then labelled by a relation or function from Φ, the sequences of
state transitions in the machine determine the processing of the data set and thus the relation or function
computed. The data set X can contain information about the internal memory of a system as well as different
sorts of output behaviour so it is possible to model very general systems in a transparent way.
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A number of important classes of X-machines have been identified and studied [Ipa95], [HoI98]. Typically,
the classes are defined by restrictions on the underlying data set X and the set of basic processing relations or
functions, Φ, of the machines. In particular, stream X-machines (SXM) have been found to be extremely useful
in practice and most of the theory developed so far has concentrated on this particular class of machines.
As suggested by their name, SXMs are those in which the input and the output sets are streams of symbols.
The machine processes the input stream and produces, in turn, a stream of outputs and a regularly updated
internal memory. Each processing relation or function processes one memory/ input pair to produce one
or more output/ memory pairs. Thus, SXMs are generalisations of finite state machines (FSM) [LeY96],
similar to extended finite state machines (EFSM) [LeY96], [ChK93], [IpH96], [IpH98a]: here, the variables
are replaced by a memory and the sets of predicates and assignments are replaced by a set of processing
functions or relations.

Furthermore, a testing theory based on the SXM model has been developed, which is a generalisation of
the existing FSM testing theory [Cho78], [FBK91], [LBP94]. A method of testing systems specified as SXM
exists and is proved to detect all faults of the implementation provided that two major requirements are met.
Firstly, the system has to satisfy some “design for test conditions”. Basically these conditions require that the
specified system has to have detectable behaviour under all conditions. Without such conditions, the system
may be very difficult, or indeed impossible, to test. Secondly, the method assumes that the implementations
of the basic processing functions Φ are correct, thus the system implementation uses the same set of basic
processing functions as the specification. The testing method is first developed in the context of deterministic
SXMs [IpH97] and then its application is generalised to non-deterministic (generalised) SXMs [IpH01]. In
what follows, this latter variant will be considered and it will referred to as the SXM testing method.

Recently, Balanescu et al. [BCG99] specified a model for a communicating stream X-machine (CSXM)
as an extension of the SXM model. Basically, a CSXM is a SXM that can communicate with others via
input and output ports and a communication matrix. In this paper, we investigate the applicability of the
SXM testing method to a system of CSXMs. We prove that, by performing a slight transformation on each
communicating machine, the system itself will behave like a single SXM. We also investigate to what extent
the resulting SXM will meet the “design for test conditions” required by the SXM testing method. We show
that these conditions can be slightly relaxed without affecting the validity of the SXM testing method and we
identify a class of CSXMs for which the resulting SXM will meet these “relaxed design for test conditions”.

Before we go any further, we introduce the notations used in this paper. When considering sequences of
inputs or outputs we will use A∗ to denote the set of finite sequences with members in A. ε will denote the
empty sequence. For a sequence a ∈ A∗, length(a) will denote the number of elements of a (length(ε) = 0).
For a, b ∈ A∗, ab will denote the concatenation of sequences a and b. For a relation f : A←→ B,

dom(f) = {a ∈ A | f(a) �= ∅}.
For b ∈ B,

f−1(b) = {a ∈ A | afb}.

2. Basic definitions

This section introduces briefly the stream X-machine model and basic concepts and notation associated with
it. For more details see [HoI98] or [IpH01].

Definition 2.1. A stream X-Machine (SXM) P is a tuple

(Σ,Γ, Q,M,Φ, F, I, T , m0),

as follows:

• Σ and Γ are finite sets called the input alphabet and output alphabet, respectively.

• Q is the finite set of states.

• M is a (possibly) infinite set called memory.

• Φ is the set of processing relations of P , a set of basic non-empty relations (partial functions) that the
machine can use, of the form

φ :M × Σ←→ Γ×M.
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• F is a (partial) function,

F : Q× Φ −→ 2Q.

F is called the next-state function of P and is usually described as a state-transition diagram.

• I and T are the sets of initial and terminal states, respectively,

I ⊆ Q,T ⊆ Q.
• m0 is the initial memory,

m0 ∈M.

Thus, SXM are X-machines for which the basic processing relations (partial functions) are of the form
φ : M × Σ ←→ Γ ×M, i.e. each such relation will read an input symbol, discard it and produce an output
symbol.

It is sometimes helpful to think of an X-machine as an automaton with the arcs labelled by relations from
the set Φ. The automaton A = (Φ, Q, F, I, T ) over the alphabet Φ is called the associated automaton of P . The
automaton A is called deterministic if the machine has only one initial state and F maps each state/processing
relation pair into at most one single state, i.e.

I = {q0}
F : Q× Σ −→ Q

The application of the SXM method will require that the associated automaton of the machine specification
is deterministic, but this is not really a restriction of the method since [IpH01] proves that for any arbitrary
SXM there is a SXM whose associated automaton is deterministic so that the two machines compute the
same relation - for the definition of the relation computed by a SXM see definition 2.4.

Definition 2.2. We define a configuration of a SXM by

(m, q, s, g),

where m ∈M, q ∈ Q, s ∈ Σ∗, g ∈ Γ∗. An initial configuration will have the form

(m0, q0, s, ε),

where q0 ∈ I is an initial state. A final configuration will have the form

(m, qf, ε, g),

where qf ∈ T is a terminal state.

Definition 2.3. A change of configuration, denoted by �,
(m, q, s, g) � (m′, q′, s′, g′),

is possible if s = σs′ with σ ∈ Σ, g′ = gγ with γ ∈ Γ and ∃φ ∈ Φ such that q′ ∈ F(q, φ) and (m, σ)φ(γ, m′). We
denote by �∗ the reflexive and transitive closure of � .

A machine computation takes the form of a sequence of configurations that starts in an initial state and
ends in a terminal state. The correspondence between the input sequence applied to the machine and the
output produced gives rise to the relation computed by the machine, as defined next. In general, a SXM is
non-deterministic, in the sense that the application of an input sequence can produce more than one single
output sequence.

Definition 2.4. The relation computed by a SXM, f : Σ∗ ←→ Γ∗, is defined by:

sfg ⇐⇒ ∃q0 ∈ I, q ∈ T ,m ∈M such that (m0, q0, s, ε) �∗ (m, q, ε, g).
Note that in certain circumstances a SXM will compute a function rather than a relation. This happens

when the associated automaton is deterministic, Φ is a set of (partial) functions (rather than relations) and
any two distinct processing functions that emerge from the same state have disjointed domains. In this case
the machine is called deterministic. In this paper, however, we will consider the, more general, non-deterministic
case and the application of the SXM testing method to this case.

Given a state of the machine, q, all the memory values that can be computed by the machine in this state
are said to be attainable in q.
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Definition 2.5. Given a state q ∈ Q, a memory value m ∈ M is called attainable in q if there exist q0 ∈ I, s ∈
Σ∗, g ∈ Γ∗ such that (m0, q

0, s, ε) �∗ (m, q, ε, g). The set of all memory values attainable in q will be denoted by
Mattainq(P ), i.e.

Mattainq(P ) = {m ∈M | ∃q0 ∈ I, s ∈ Σ∗, g ∈ Γ∗ such that (m0, q
0, s, ε) �∗ (m, q, ε, g)}.

Given a processing relation φ, a memory value m ∈ M is said to be φ-attainable if m can be attained in
at least one state from which φ emerges.

Definition 2.6. Given a processing relation φ ∈ Φ, a memory value m ∈M is called φ-attainable if there exists
q ∈ Q such that F(q, φ) �= ∅ and m ∈Mattainq(P ). The set of all φ-attainable memory values will be denoted
by Mattainφ(P ), i.e.

Mattainφ(P ) =
⋃

q∈Q,F(q,φ)�=∅
Mattainq(P ).

3. Design for testing conditions

This section defines the “design for test conditions” of the SXM testing method and shows that these can be
slightly relaxed without affecting the validity of the method.

There are two design for test conditions (completeness and output-distinguishability) that the machine
has to meet and in general these can be defined with respect to any pair of sets U,V that meet the following
closure property:

Definition 3.1. Let V ⊆ M and U = {Uφ | φ ∈ Φ} a family of non-empty subsets of Σ, Uφ ⊆ Σ, indexed by
Φ. Then Φ is called closed w.r.t. (V ,U) if the following are true:

• m0 ∈ V
• ∀φ ∈ Φ, m ∈ V , σ ∈ Uφ, γ ∈ Γ, if (m, σ)φ(γ, m′) then m′ ∈ V .
That is, we identify a set of memory values V , with m0 ∈ V , and, for each processing relation or function

φ, a set of input symbols Uφ such that φ will produce only memory values in V when acting on memory
values in V and inputs in Uφ. In the worst case, we can choose V =M and Uφ = Σ, φ ∈ Φ.

Definition 3.2. Let V ⊆M and U = {Uφ | φ ∈ Φ} with Uφ ⊆ Σ, such that Φ is closed w.r.t. (V ,U). Then Φ is
called complete w.r.t. (V ,U) if:

∀φ ∈ Φ, m ∈M, ∃σ ∈ Uφ such that φ(m, σ) �= ∅.
If V =M and ∀φ ∈ ΦUφ = Σ then Φ is called complete.

In other words, any processing relation φ will be able to process all memory values of V using inputs in
Uφ. This guarantees that any path of the associated automaton can be exercised from the initial state and
initial memory value.

Definition 3.3. Let V ⊆M and U = {Uφ | φ ∈ Φ} with Uφ ⊆ Σ, such that Φ is closed w.r.t. (V ,U). Then Φ is
called output-distinguishable w.r.t. (V ,U) if:

∀φ1, φ2 ∈ Φ, m, m′1, m′2 ∈ V , σ ∈ (Uφ1
∩ dom(φ2)) ∪ (Uφ2

∩ dom(φ1)), γ ∈ Γ

(m, σ)φ1(γ, m
′
1) and (m, σ)φ2(γ, m

′
2) =⇒ φ1 = φ2 and m

′
1 = m′2.

If V =M and ∀φ ∈ ΦUφ = Σ then Φ is called output-distinguishable.

What this is saying is that the memory/input pair processed and the output produced will uniquely
determine the processing relation applied and the next memory value. Note that if Φ is a set of partial
functions rather than relations then the output-distinguishability condition has the following, simpler, form:

∀φ1, φ2 ∈ Φ, m, m′1, m′2 ∈ V , σ ∈ (Uφ1
∩ dom(φ2)) ∪ (Uφ2

∩ dom(φ1)), γ ∈ Γ

φ1(m, σ) = (γ, m′1) and φ2(m, σ) = (γ, m′2) =⇒ φ1 = φ2.
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These two design for test conditions are required of the specification machine if this is to be tested
successfully using the SXM method [IpH01]. They will ensure that the specification under testing will have
detectable behaviour, that is it will be possible to exercise any path in the machine from the initial memory
using appropriate input sequences and each output sequence produced will identify uniquely the path followed.
However, these two conditions can be slightly relaxed without affecting the validity of the SXM method. This
is shown next.

Definition 3.4. Let V ⊆ M and U = {Uφ | φ ∈ Φ}, Uφ ⊆ Σ, such that Φ is closed w.r.t. (V ,U). Then P is
called input-complete w.r.t. (V ,U) if:

∀φ ∈ Φ, m ∈Mattainφ(P ) ∩ V , ∃σ ∈ Uφ such that φ(m, σ) �= ∅.
If V =M and ∀φ ∈ ΦUφ = Σ then P is called input-complete.

Definition 3.5. Let V ⊆ M and U = {Uφ | φ ∈ Φ}, Uφ ⊆ Σ, such that Φ is closed w.r.t. (V ,U). Then P is
called output-distinguishable w.r.t. (V ,U) if:

∀φ1, φ2 ∈ Φ, m ∈Mattainφ1
(P ) ∩Mattainφ2

(P ), m′1, m′2 ∈ V , σ ∈ (Uφ1
∩ dom(φ2)) ∪ (Uφ2

∩ dom(φ1)), γ ∈ Γ

(m, σ)φ1(γ, m
′
1) and (m, σ)φ2(γ, m

′
2) =⇒ φ1 = φ2 and m

′
1 = m′2.

If V =M and ∀φ ∈ ΦUφ = Σ then P is called output-distinguishable.

If Φ is a set of partial functions rather than relations then the above condition has the following, simpler,
form:

∀φ1, φ2 ∈ Φ, m ∈Mattainφ1
(P ) ∩Mattainφ2

(P ), m′1, m′2 ∈ V , σ ∈ (Uφ1
∩ dom(φ2)) ∪ (Uφ2

∩ dom(φ1)), γ ∈ Γ

φ1(m, σ) = (γ, m′1) and φ2(m, σ) = (γ, m′2) =⇒ φ1 = φ2.

It is easy to see that the above two requirements are particular cases of the two “design for test
conditions” of definitions 3.2 and 3.3, where only memory values that are φ-attainable are considered. These
two requirements will be referred to as “relaxed design for test conditions”. However, the SXM testing method
remains valid if the “design for test conditions” are replaced by the “relaxed design for test conditions”-
the proof of theorem 5.1 in [IpH01], which is the theoretical basis for this method, is not affected by this
replacement.

4. Communicating Stream X-Machines (CSXM)

This section defines a communicating stream X-machine and explains the behaviour of a communicating
stream X-machine system. The definitions in this section are broadly from [BCG99].

Definition 4.1. A communicating stream X-Machine (CSXM) is a tuple

P = (Σ,Γ, Q,M,Φ, F, I, T , m0, IN, OUT ),

as follows:

• Σ and Γ are finite sets called the input alphabet and the output alphabet respectively.

• Q is a finite set of states; Q = Q′ ∪ Q′′ with Q′ ∩ Q′′ = ∅, where Q′ is the set of ordinary states and Q′′ the
set of communication states.

• M is a (possibly) infinite set called the memory.

• Φ is the set of processing relations of P ;

Φ = Φ′ ∪ Φ′′ with Φ′ ∩ Φ′′ = ∅,
where Φ′ is the set of ordinary relations of the machine and Φ′′ is the set of communication functions of the
machine. The elements of Φ′ are relations (partial functions) of the form

φ′ : IN ×M × OUT × Σ←→ Γ× IN ×M × OUT.
The elements of Φ′′ are partial functions whose form will be given later.
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• F is the “next state function”, a (partial) function

F : Q× Φ −→ 2Q with dom(F) ⊆ (Q′ × Φ′) ∪ (Q′′ × Φ′′).
That is, any arc that emerges from an ordinary state is labelled by an ordinary relation whereas any arc
that emerges from a communication state is labelled by a communication function.

• I ⊆ Q is the set of initial states and T ⊆ Q is the set of terminal states.

• m0 ∈M is the initial memory.

• IN and OUT are two sets called the input port and the output port respectively; they take values from
the memory M or have the undefined value λ, i.e.

IN,OUT ⊆M ∪ {λ}, with λ /∈M.

Similar to the case of a standard SXM, the automaton A = (Φ, Q, F, I, T ) over the alphabet Φ is called
the associated automaton of P .

Definition 4.2. A communicating stream X-machine system(CSXMS) with n components is a tuple Sn =
((Pi)1�i�n, C), where:

• Pi = (Σi,Γi, Qi,Mi,Φi, Fi, Ii, Ti, m
0
i , INi, OUTi) is the CSXM with number i, 1 � i � n.

• C is a set of matrices of order n×n used for communicating between the machines. For 1 � i � n, 1 � j � n,
we will denote

Cij = {cij | c ∈ C, where c = (cij)1�i�n,1�j�n}.
The machines of the system communicate as follows.

• For c ∈ C and each pair (i, j), i �= j, cij ∈ Cij is used as a temporary buffer for passing messages from
the output port of the X-machine Pi to the input port of the X-machine Pj, thus OUTi ⊆ Cij ⊆ INj for
1 � i � n, 1 � j � n, i �= j. The messages are memory values passed through the input and output ports
of the machines. The symbol λ is used to describe an empty buffer. There is no need for an X-machine to
pass a message to itself so we will denote Cii = {θ} for 1 � i � n. The symbol θ will be used only for this
purpose, i.e. θ /∈ Cij for 1 � i � n, 1 � j � n, i �= j.

• Initially the communication buffers are all empty, i.e. c0ij = λ for 1 � i � n, 1 � j � n, i �= j, where

c0 = (c0ij)1�i�n,1�j�n is the initial communication matrix.

• The X-machine Pi can only read from the i-th column and write to the i-th row of the communication
matrix. These operations are performed by the communication functions of Pi. These are partial functions
φ′′i : INi × OUTi × C −→ INi × OUTi × C as follows.

– For 1 � i � n, we denote by MVOi the set of the moves from the output port of the i-th machine to
a matrix location cij . These are called output moves. Moving a value from the output port outi to a
matrix location cij is possible only when cij is empty and outi is not empty. Thus

MVOi = {mvoij | 1 � j � n, j �= i},
where

mvoij : INi × OUTi × C −→ INi × OUTi × C
is a partial function defined by:

mvoij(ini, outi, c) = (ini, λ, c
′), if outi �= λ and cij = λ,

where

c′ij = outi and c
′
uv = cuv for 1 � u � n, 1 � v � n, (u, v) �= (i, j).

– For 1 � i � n, we denote by MVIi the set of the moves from a matrix location cij to the input port of
the i-th machine. These are called input moves. Moving a value from a matrix location cji to the input
port ini is possible only when ini is empty and cji is not empty. Thus

MVIi = {mviji | 1 � i � n, j �= i},
where

mviji : INi × OUTi × C −→ INi × OUTi × C
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is a partial function defined by:

mviji(λ, outi, c) = (cji, outi, c
′), if cji �= λ,

where

c′ji = λ and c′uv = cuv for 1 � u � n, 1 � v � n, (u, v) �= (j, i).

Thus the set of the communication functions of Pi,Φ′′i , is made up only of input and output moves,
i.e.

Φ′′ ⊆MVOi ∪MVIi, 1 � i � n.

Note that Pi can execute mvoij only when cij is empty whereas Pj can execute mviij only when cij is not
empty, thus the operations concerning the same position (i, j) of the current matrix c are done under mutual
exclusion.

Also note that the ordinary relations will leave the communication matrix unchanged while the communi-
cation functions will either read from the i-th column or write to the i-th row of the communication matrix.
Thus the rest of the matrix will remain unaffected by the application of any processing relation or partial
function.

For an uniform treatment, all the relations (partial functions) of φi ∈ Φi can be extended to

φi : (INi ×Mi × OUTi × C)× (Σi ∩ {ε})←→ (Γi ∩ {ε})× (INi ×Mi × OUTi × C).
The extended relations (partial functions) will operate only on the variables for which φi is defined and leave
the rest unchanged. That is, if

φi : INi ×Mi × OUTi × Σi ←→ Γi × INi ×Mi × OUTi
is an ordinary relation then

((ini, mi, outi, c), σi)φi(γi, (in
′
i, m
′
i, out

′
i, c)) if (ini, mi, outi, σi)φi(γi, in

′
i, m
′
i, out

′
i).

If
φi : INi × OUTi × C −→ INi × OUTi × C

is a communication function then

φi((ini, mi, outi, c), ε) = (ε, (in′i, mi, out′i, c′)) if φi(ini, outi, c) = (in′i, out′i, c′).

For simplicity, in what follows we will use φi in place of φi; that is, the same notation will be used for a
processing relation or its extension and they will be distinguished by their domains.

Example 4.1. We model a system composed of two agents that can read the letter x and produce one of the
letters y and z so that the number of the y’s produced by the first agent is less than or equal to the number
of y’s produced by the second agent. The two agents are specified by two CSXMs, P1 and P2. From time
to time P2 sends to P1 the number of y’s produced since the last transmission. The internal memory of P1
records the difference between the number of y’s produced by P2 till the last transmission and the number
of y’s produced by P1 up to the current moment. The internal memory of M2 records the number of y’s
produced by M2 since the last transmission.

Σ1 = Σ2 = {x},
Γ1 = Γ2 = {y, z},

M1 =M2 are both the set of positive integers,

m0
1 = m0

2 = 0,

P2 will send messages to P1 but not vice-versa, so

IN1 = OUT2 = C21 =M2 ∪ {λ},
IN2 = OUT1 = C12 = {λ},

The transition diagrams of the two machines may be found in figure 1, the initial states are A and D,
respectively. A,B and D are ordinary states whereas C and E are communication states. In state C, P1 will
read from c21; in state E, P2 will write to c21. The ordinary relations are:

Φ′1 = {f, g},Φ′2 = {h},
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Fig. 1. Example of CSXMS

These are defined next.

(in1, m1, λ, x)f(y, λ, m1 + in1 − 1, λ), m1 ∈M1, in1 ∈ IN1 − {λ}, m1 + in1 > 0

(in1, m1, λ, x)f(z, λ, m1 + in1, λ), m1 ∈M1, in1 ∈ IN1 − {λ}
(λ, m1, λ, x)g(y, λ, m1 − 1, λ), m1 ∈M1, m1 > 0

(λ, m1, λ, x)g(z, λ, m1, λ), m1 ∈M1

(λ, m2, out2, x)h(y, λ, m2 + 1, m2 + 1), m2 ∈M2

(λ, m2, out2, x)h(z, λ, m2, m2), m2 ∈M2

f will read the value in the input port and produce an y or a z; y’s can only be produced if either the value
in the input port or the internal memory of P1 are greater than 0. g will operate only if the input port is
empty; similarly, g can produce an y only if the internal memory of P1 is greater than 0. Both f and g will
update the internal memory of P1 accordingly. h will also produce y’s and z’s; it will increment the internal
memory of P2 if an y has been produced and will leave it unchanged otherwise; the new value of the internal
memory will also be written to the output port.

Definition 4.3. A configuration of a CSXMS Sn has the form

z = (z1, . . . , zn, c),

where:

• zi = (mi, qi, ini, outi, si, gi), 1 � i � n,

• mi is the current value of Mi, the memory of Pi,

• qi is the current state of Pi,
• ini ∈ INi and outi ∈ OUTi are the current values of the ports of Pi,
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• si ∈ Σ∗i is the current input sequence of Pi,
• gi ∈ Γ∗i is the current output sequence of Pi,
• c is the current communication matrix.

An initial configuration has the form z0 = (z01 , . . . , z
0
n , c

0), where

z0i = (m0
i , q

0
i , λ, λ, si, ε) with q

0
i ∈ Ii.

A final configuration has the form z0 = (zf1 , . . . , z
f
n , c), where

z
f
i = (mi, q

f
i , ini, outi, ε, gi) with q

f
i ∈ Ti.

Passing from a configuration z to a new configuration z′ supposes that at least one of the X-machine
changes its configuration, i.e. a processing relation is applied.

Definition 4.4. A change of configuration of a CSXMS Sn, denoted by |=,
z = (z1, . . . , zn, c) |= z′ = (z′1, . . . , z′n, c′),

with zi = (mi, qi, ini, outi, si, gi), z
′
i = (m′i, q′i , in′i, out′i, s′i, g′i) is possible if z �= z′ and ∃c0, . . . , cn ∈ C with c0 = c and

cn = c′ such that for 1 � i � n either

• z′i = zi and ci = ci−1 or
• s′i = σisi with σi ∈ Σi ∪ {ε} and g′i = giγi with γi ∈ Γi ∪ {ε} and ∃φi ∈ Φi such that q′i ∈ Fi(qi, φi) and
((ini, mi, outi, ci−1), σi)φi(γi, (in′i, m′i, out′i, ci)).

Note that the order chosen above is not important since the operations concerning the same location of
the current matrix c are done under mutual exclusion.

We denote by |=∗ the reflexive and transitive closure of |= .
The correspondence between the input sequence applied to the system and the output sequence produced

gives rise to the relation computed by the system, as defined next.

Definition 4.5. The relation computed by a CSXMS, f : (Σ∗1 × . . .× Σ∗n)←→ (Γ∗1 × . . .Γ∗n), is defined by:

(s1 . . . , sn)f(g1, . . . , gn) ⇐⇒ ∃z0 = (z01 , . . . , z
0
n , c

0) and z = (z1, . . . , zn, c) an initial and final configurations,

respectively, with z0i = (m0
i , q

0
i , λ, λ, si, ε) and z

′
i = (m′i, q′i , in′i, out′i, ε, g′i), 1 � i � n, such that z0 |=∗ z.

The behaviour of a CSXMS is not exactly that of a single SXM since there may be configuration changes
that do not process any input symbol of the machine components. These configuration changes are those
for which each machine component either performs a transition triggered by a communication function or
no transition at all. Since the communication functions leave the input and output streams of the machine
components unchanged, no change will be produced in the overall input and output of the system.

However, for testing purposes, we can introduce in the model “dummy” input and output symbols and
associate them with the communication functions. In this way, any transition performed by a machine
component will “consume” exactly one input symbol and “produce” exactly one output symbol so the overall
system will behave like a SXM. This construction is discussed next. The way in which the addition of dummy
symbols will affect the application of the SXM testing method in practice will be discussed later.

5. Testing conditions for CSXMSs

Definition 5.1. Let Sn = ((Pi)1�i�n, C) be a CSXMS as above, let a /∈ (
⋃n
i=1 Σi) and let ki = card(Φ′′i ) and

oi : Φ
′′
i −→ {1, . . . ki} a one-to-one mapping, 1 � i � n. Then STn = ((PT

i )1�i�n, C) is called a testing variant of
Sn if P

T
i = (ΣTi ,Γ

T
i , Qi,Mi,Φ

T
i , F

T
i , Ii, Ti, m

0
i , INi, OUTi) is obtained from Pi by making the following changes,

1 � i � n :

• The input and output alphabets are replaced by ΣTi = Σi ∪ {a} and ΓTi = Γi ∪ {1, . . . , ki}.
• Each communication function φ′′i ∈ Φ′′ is replaced in the transition diagram by its testing variant, φ′′Ti ,
defined as follows:

φ′′Ti ((ini, mi, outi, c), a) = (oi(φ
′′
i ), (in

′
i, mi, out

′
i, c
′)) if φ′′i ((ini, mi, outi, c), ε) = (ε, (in′i, mi, out′i, c′))
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Thus the set of processing relations of PT
i is

ΦT
i = Φ′i ∪ Φ′′Ti , where Φ′′Ti = {φ′′Ti | φ′′i ∈ Φi}.

P T
i is called a testing variant of Pi.

A configuration, a configuration change and the relation computed by the testing variant of a CSXMS
are defined similarly to the case of a standard CSXMS. That is, definitions 4.3 and 4.5 remain unchanged
and definition 4.4 is modified as follows.

Definition 5.2. A change of configuration of STn , denoted by |=,
z = (z1, . . . , zn, c) |= z′ = (z′1, . . . , z′n, c′),

with zi = (mi, qi, ini, outi, si, gi) and z
′
i = (m′i, q′i , in′i, out′i, s′i, g′i) is possible if z �= z′ and ∃c0, . . . , cn ∈ C with c0 = c

and cn = c′ such that for 1 � i � n either

• z′i = zi and ci = ci−1 or
• s′i = σisi with σi ∈ ΣTi and g′i = giγi with γi ∈ ΓTi and ∃φi ∈ ΦT

i with q′i ∈ FTi (qi, φi) and
((ini, mi, outi, ci−1), σi)φi(γi, (in′i, m′i, out′i, ci)).

We can show now that the testing variant of a CSXMS behaves exactly like a single SXM.

Theorem 5.1. For any CSXMS Sn there exists a SXM XT that computes the same relations as STn .

Proof. We construct a stream X-machine XT = (Σ,Γ, Q,M,Φ, F, I, T , m0) as follows:

• Σ = ((ΣT1 ∪ {ε})× . . .× (ΣTn ∪ {ε}))− (ε, . . . , ε)

• Γ = ((ΓT1 ∪ {ε})× . . .× (ΓTn ∪ {ε}))− (ε, ..., ε)

• Q = Q1× . . .×Qn×C1, where C1 is the set of matrices of order n×n having as non-diagonal elements 1 or
λ, where 1 is used when the corresponding communication matrix element is not empty and λ otherwise;
the elements of the diagonal are all θ. Thus, if c1 ∈ C1, where c1 = (c1ij)1�i�n,1�j�n, then c

1
ij = 1 or c1ij = λ,

1 � i � n, 1 � j � n, i �= j and c1ij = θ, 1 � i � n.
Let Pi be in state qi, 1 � i � n, and let cij , 1 � i � n, 1 � j � n be the value of the communication

matrix. Then XT will be in state ((q1, . . . , qn), c
1), where c1ij = λ if cij = λ and c1ij = 1 otherwise,

1 � i � n, 1 � j � n, i �= j.

• The set of initial states is I = I1 × . . .× In × {c0}, where c0 = (c0ij)1�i�n is the matrix with all non-diagonal

elements λ, i.e. c0ij = λ, 1 � i � n, 1 � j � n, i �= j and c0ii = θ, 1 � i � n.

• The set of final states is T = T1 × . . .× Tn × C1.

• M = (IN1×M1×OUT1)× . . .× (INn×Mn×OUTn)×C. The global memory contains the memory values,
input and output ports of each component Mi as well as the communication matrix. The initial memory
value is m0 = ((m0

1, λ, λ) . . . , (m
0
n, λ, λ), c

0), that contains all the initial memory and port values as well as the
initial communication matrix.

• Φ = {(φ1, . . . , φn) ∈ ((Φ1 ∪ {e}) × . . . × (Φn ∪ {e})) | (φ1, . . . , φn) �= (e, . . . , e) and (¬∃i, j, 1 � i � n, 1 � j �
n, i �= j, such that φi = mvoij and φj = mviij)}. A relation (φ1, . . . , φn) : M × Σ −→ Γ ×M stands for all

components φi ∈ ΦT
i ∪ {e} acting in parallel. φi = e denotes that Pi does not change its configuration.

More formally

(φ1, . . . , φn)(((in1, m1, out1), . . . , (inn, mn, outn), c), (σ1, . . . , σn)) =

(((in′1, m′1, out′1), . . . , (in′n, m′n, out′n), c′), (γ1, . . . , γn))
if ∃c0, . . . , cn ∈ C with c0 = c and cn = c′ such that for 1 � i � n either

– in′i = ini, m
′
i = mi, out

′
i = outi, σi = γi = ε and ci = ci−1 or

– s′i = σisi with σi ∈ ΣTi and g′i = giγi with γi ∈ ΓTi and ∃φi ∈ ΦT
i with q′i ∈ FTi (qi, φi) and

((ini, mi, outi, ci−1), σi)φi(γi, (in′i, m′i, out′i, ci))



Testing Conditions for Communicating Stream X-machine Systems 441

• The transition function F : Q× Φ −→ 2Q is defined as follows:

(q′1, . . . , q′n, c1) ∈ (F((q1, . . . , qn), (φ1, . . . , φn)), c
′1) if for 1 � i � n either

– φi = e and q′i = qi or

– φi ∈ Φ′i and q′i ∈ Fi(qi, φi) or
– q′i ∈ Fi(qi, φi) and φi = mvoTij , c

1
ij = λ and c′1ij = 1 for some j, 1 � j � n, j �= i or

– q′i ∈ Fi(qi, φi) and φi = mviTji , c
1
ji = 1 and c′1ji = λ for some j, 1 � j � n, j �= i.

The rest of the elements of the matrix c1 (those that are not mentioned explicitly above) will remain
unchanged.
Thus, the transition function of XT will reflect the transitions of the machine components. Also, a non-
diagonal element c1ij of the matrix c1 will change from λ to 1 if mvoij writes to the (i, j) location of the
communication matrix and from 1 to λ if mviij reads from the (i, j) location of the communication matrix.

XT is called the equivalent SXM of STn .
A configuration of XT is, according to definition 2.2, a tuple

ζ = ((m1, in1, out1), . . . , (mn, inn, outn), c, (q1, . . . , qn), c
1, (s1, . . . , sn)(g1, . . . , gn)),

where c1 is obtained from c by replacing all non-empty non-diagonal elements with 1, i.e.

• c1ij = θ if cij = θ

• c1ij = λ if cij = λ

• c1ij = 1 if cij ∈ Cij − {λ, θ}
From the above construction it follows directly that XT works exactly like STn since:

ζ � ζ ′ ⇐⇒ z |= z′,

where

z = ((m1, q1, in1, out1, s1, g1), ..., (mn, qn, inn, outn, sn, gn), c)

represents the configuration of STn . �

The equivalent SXM of the CSXMS in example 4.1 may be found in figure 2. The state set is

Q = {A,B, C} × {C,D} × {λ, 1},
where λ and 1 indicate whether the location (2, 1) of the communication matrix is empty or not. Note that
the location (1, 2) is always empty so it will not affect the construction of the state set of the equivalent SXM.

Lemma 5.1. If the associated automaton of Pi is deterministic, 1 � i � n, then the associated automaton of
XT is also deterministic.

Proof. Follows from the construction of F . �

Lemma 5.2. If Φ′′i is a set of (partial) functions (rather than relations) then Φ is also a set of (partial)
functions.

Proof. If Φ′i is a set of (partial) functions then ΦT
i is also a set of (partial) functions, thus Φ is a set of (partial)

functions. �

The remaining part of this section investigates how the “design for testing” properties of the individual
CSXM components are reflected in similar properties of the resulting SXM, XT . That is, if the CSXM
components meet a “design for test condition”, will the resulting machine XT also meet the same property
or at least its relaxed variant (definitions 3.4 and 3.5). We prove that the implication is true in the case of
output-distinguishability property and identify a class of CSXM for which the implication is also true in the
case of the completeness property.
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Fig. 2. The equivalent SXM of the CSXMS example

Theorem 5.2. Let Vi ⊆ Mi, V
′
i = INi × Vi × OUTi and Ui = {Uφi

i | φi ∈ Φ′i} with Uφi
i ⊆ Σi such that Φ′i is

closed w.r.t. (V ′i , Ui), 1 � i � n. Then Φ is closed w.r.t. (V ,U), where

• V = V1 × . . .× Vn × C
• U = {Uφ | φ ∈ Φ}, where Uφ = (Uφ1

1 , . . . , U
φn
n ) with φ = (φ1, . . . , φn), where

– U
φi
i = {a} if φi ∈ Φ′′Ti ,

– Ue
i = {e}

Proof. Let m = ((in1, m1, out1), . . . , (inn, mn, outn), c) ∈ V , m′ = ((in′1, m′1, out′1), . . . , (in′n, m′n, out′n), c′) ∈ M, φ =

(φ1, . . . , φn) ∈ Φ, σ = (σ1, . . . , σn) ∈ Uφ, γ = (γ1, . . . , γn) ∈ Γ such that (m, σ)φ(γ, m′) If φi ∈ Φ′i then m′i ∈ Vi
since Φ′i is closed w.r.t. (V ′i , Ui). If φi ∈ Φ′′Ti or φi = e then m′i = mi. Thus m

′
i ∈ Vi, 1 � i � n, hence m′ ∈ V .

�

Theorem 5.3. If Φ′i is output-distinguishable w.r.t. (V ′i , Ui), 1 � i � n, then Φ is output-distinguishable w.r.t.
(V ,U).

Proof. Let us consider two arbitrary functions φ = (φ1, . . . , φn), ψ = (ψ1, . . . , ψn) ∈ Φ and suppose that there ex-
ist m = ((in1, m1, out1), . . . , (inn, mn, outn), c) ∈ V , (σ1, . . . , σn) ∈ Uφ∩Uψ such that (m, σ)φ(γ, m′) and (m, σ)φ(γ, m′′)
for some m′ = ((in′1, m′1, out′1), . . . , (in′n, m′n, out′n), c′) ∈ V , m′′ = ((in′′1 , m′′1 , out′′1), . . . , (in′′n, m′′n, out′′n), c′′) ∈ V and
γ = (γ1, . . . , γn) ∈ Γ. Then there exist c′0, . . . , c′n, c′′0 , . . . , c′′n ∈ C with c′0 = c′′0 = c, c′n = c′, c′′n = c′′ such that
((ini, mi, outi, c

′
i−1), σi)φi(γi, ((in′i, m′i, out′i, c′i)) and ((ini, mi, outi, c

′′
i−1), σi)φi(γi, ((m′′i , in′′i , out′′i , c′′i )), 1 � i � n. ¿From

the output-distinguishability property of Φ′i and the construction of Φ′′Ti if follows that φi = ψi, m
′
i = m′′i ,

in′i = in′′i , out′i = out′′i , c′i = c′′i , and so φ = ψ and m′ = m′′. �
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Definition 5.3. A CSXM Pi is called simple if the following requirements are met:

• All initial states are ordinary states, i.e.

Ii ⊆ Q′i.
• An ordinary relation always empties the input port; furthermore, an ordinary relation always produces a
non-empty value for the output port, provided that such values are allowed, i.e. ∀φ′i ∈ Φ′i

((ini, mi, outi), σi)φ
′
i(gi, (in

′
i, m
′
i, out

′
i)) =⇒ in′i = λ and (out′i �= λ or OUTi = {λ}).

• A communication function always takes the machine in an ordinary state, i.e. ∀q′′i ∈ Q′′, φ′′i ∈ Φ′′i ,
Fi(q

′′
i , φ

′′
i ) = pi =⇒ pi ∈ Q′i.

A Communicating system Sn = ((Pi)1�i�n, C) is called simple if Pi is simple, 1 � i � n.

For instance, the CSXMS of example 4.1 is simple.

Lemma 5.3. Let Sn = ((Pi)1�i�n, C) be a simple CSXMS and let φ = (φ1, . . . , φn) ∈ Φ and
m = ((in1, m1, out1), . . . , (inn, mn, outn)), c) ∈ M such that m ∈ Mattainφ(P ). If φi ∈ Φ′′i then ini = λ and
(outi �= λ or OUTi = {λ}), 1 � i � n.

Proof. Since m ∈ Mattainφ(P ), ∃q = (q1 . . . , qn, c) ∈ Q such that m ∈ Mattainq(P ). Let 1 � i � n such that

φi ∈ Φ′′i . Then from the construction of XT it follows that qi ∈ Q′′i . Now, since Sn is simple qi is not an initial
state of Mi and all arcs of Mi that enter qi are labelled by ordinary relations. Since m ∈Mattainq(P ) it follows
that ini = λ and (outi �= λ or OUTi = {λ}). �

Theorem 5.4. If Sn is simple and Φ′i is complete w.r.t. (V ′i , Ui), 1 � i � n, then XT is input-complete w.r.t.
(V ,U).

Proof. Let φ = (φ1, . . . , φn) ∈ Φ and m = ((in1, m1, out1), . . . , (inn, mn, outn), c) ∈Mattainφ(P )∩V . Let 1 � i � n.
We have the following cases:

• φi ∈ Φ′i. Since (ini, mi, outi) ∈ V ′i then ∃σi ∈ Uφi
i such that φi((ini, mi, outi, c), σi) �= ∅.

• φi = φ′′Ti for some φi ∈ Φ′′Ti . Then from the construction of XT it follows that either:

– φ′′i = mvoij and cij = λ or

– φ′′i = mviji and cji �= λ

for some j, 1 � j � n, j �= i. Also, since m ∈ Mattainφ(P ) and φ
′′
i ∈ Φ′′i , from the above lemma it follows

that ini = λ and (outi �= λ or OUTi �= {λ}). Thus, either
– φ′′i = mvoij , cij = λ and outi �= λ or

– φ′′i = mviji, cji �= λ and ini = λ.

Thus, in either case, φ′′i ((ini, mi, outi, c), ε) �= ∅, hence φi((ini, mi, outi, c), a) �= ∅.
• φi = e. Then φi((ini, mi, outi, ci), ε) �= ∅. Hence ∃σi ∈ Uφ

i such that φ((ini, mi, outi, c), σi) �= ∅, 1 � i � n. Thus

φ(m, σ) �= ∅, where σ = (σ1, . . . , σn) ∈ Uφ.

�

6. Application of the SXM testing method to a CSXMS

The previous section identifies a number of conditions that each machine component has to meet in order to
ensure that the design for test conditions (or at least their relaxed variants) of the machine components are
preserved at system level. There are three such conditions:

• The initial states of all machine components are ordinary states. That is, each machine has to perform
some action before the communication can begin.

• The application of any ordinary relation will always empty the input port and produce a non-empty value
for the output port (if this exists). These requirements are quite natural and can be easily enforced by the
designer. For example, it is natural to assume that an ordinary relation will process the value in the input
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port if this has not been processed yet; when this is not true, the relation can be modified so that the
input port value is collected and stored in the memory for later use.

• The application of a communication function will always take a machine component to an ordinary state,
thus no machine component can perform more than one consecutive communicating action. In general,
any communicating machine whose associated automaton does not contain loops of communication
functions can be re-designed to meet this condition (in this case there are only finite sequences of
communication functions and these can be composed to produce the communication functions of the
re-designed machine). This condition is crucial for testing since it disallows potentially infinite sequences
of communication actions that cannot be controlled by the tester.

Furthermore, our construction introduced dummy input and output symbols so the natural question to ask
is how these extra symbols are represented in practice. The dummy outputs are just means of distinguishing
between communication functions and in practice this is not usually hard to achieve. Things are slightly more
complicated in the case of the dummy input: it will be awkward and unnatural to associate inputs to the
processing functions and to expect these functions to be triggered by such external events. However, this is
not necessary, as explained bellow.

First, let us establish some notation. We will use S to refer to the real system under testing and ST to
the testing variant of our specification; ST uses a dummy input symbol to trigger communication functions,
whereas S performs silent moves (i.e. moves that consume no input) instead. Let us denote by Σ and ΣT the
input alphabets of S and ST , respectively. Thus

ΣT = ((ΣT1 ∪ {ε})× . . .× (ΣTn ∪ {ε}))− (ε, . . . , ε)

and

Σ = ((Σ1 ∪ {ε})× . . .× (Σn ∪ {ε}))− (ε, . . . , ε),

where Σi is the input alphabet of the i-th CSXM component and ΣTi = Σi ∪ {a}, 1 � i � n. For 1 � i � n, let
filteri : Σ

T∗
i −→ Σ∗i be the free-semigroup morphism induced by

filteri(σi) = σi, σi ∈ Σi,

filteri(a) = ε,

and let filter = (filter1, . . . , filtern), filter : Σ
T∗ −→ Σ∗.

Note that S may be non-deterministic even when all the CSXM components of ST are deterministic (in
the sense explained in section 2); this is because a machine component Pi that is in a communication state,
say q′′i , may remain in the current state or may use a communication function to move to another state while
the other machine components can change their configurations. So, the communication functions not only
allows the system to perform silent moves but also introduces non-determinism.

In order to test non-deterministic systems, one usually makes a so-called complete-testing assumption
[LBP94]: it is possible, by applying a given input sequence s to the system a finite number of times, to
exercise all the paths of the system that can be traversed by s. Without such an assumption, no test suites
can guarantee full fault coverage for non-deterministic systems. Obviously, such an assumption can only be
made if the number of paths that can be traversed by s is finite.

Let us see how this complete-testing assumption works in our case. Let sT0 ∈ ΣT be a test sequence
generated from our specification ST . The application of this sequence to the specification corresponds to the
application of the sequence s = filter(sT0 ) to S. On the other hand, S may be non-deterministic, so s may

trigger S to traverse a number of paths, these correspond to paths in ST exercised by sequences in filter−1(s).
Now, we have established that no CSXM component can execute more than one consecutive communication
function, so the corresponding paths in ST will be those exercised by inputs in

Ys = {sT ∈ filter−1(s) | length(sT ) � (n+ 1) · length(s)}
Since Ys is finite we can assume that it is possible, by applying s to S a sufficient number of times, to exercise
the path triggered by sT0 in ST . Obviously, the quality of testing increases with the number of repetitions of
test sequence application; in actual testing, this number is limited by practical and economical considerations.
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7. Conclusions

SXMs are generalisations of FSMs similar to EFSMs. The current approach to EFSM testing [LeY96],
[ChK93], [WaL93] is a straightforward application of the testing methods for FSMs: given an EFSM, if each
variable has a finite number of values then there is a finite number of configurations (tuples of states and
variable values) and there is an equivalent FSM with configuration as states, so testing EFSMs reduces in
principle to testing of FSMs. However, in many practical applications, the equivalent FSM may have such a
large number of states that it is impossible to even construct it, let alone to derive a test set of a reasonable
size. This is the well known state explosion problem. There are a number of approaches to cope with this
[ChK93], [ChA90], [Kwa92], [LeL91], [WaL93] the general idea is to “collapse” equivalent states into one to
compute a reduced machine and to select from the reduced machine only the states that are reachable from
the initial state [LeY96].

The approach employed by the SXM testing method is rather different. Here, a number of transition are
grouped into processing functions or relations and these are assumed to be implemented correctly. Thus,
testing the SXM reduces to testing its associated automaton. The correctness of the processing functions or
relations is checked by a separate process: depending on the nature of the function or relation, this can be
tested using the same method or alternative functional methods [HoI98], [IpH98b], [HIG95]. Furthermore,
the method can only be applied if the processing functions or relations meet some “design for test conditions”,
completeness and output-distinguishability. On the other hand, the SXM testing method does not rely on
the memory set being finite (since there is no need to construct the equivalent finite state machine) and
furthermore, it avoids the state explosion problem.

Communication between different processes can often be modelled as a collection of communicating finite
state machines (CFSM) [LeY96] or extended communicating finite state machines (ECFSM) [HuH94]. For
testing purposes, we can first take all combinations of states, variables and communication channels and
construct a composite machine, which is a FSM if all these variables and channels have a finite number
of values, and then apply known techniques to the composite machine. Again, we may run into the state
explosion problem, especially in the case of ECFSMs, and this can be relieved using reduction techniques
[LCL187], [LCL287], [HuH94].

Up to a point, our approach to testing CSXMSs is similar: we construct an equivalent SXM that is
equivalent to the whole system. In order to do this, we use a dummy input to trigger the communication
functions of the CSXM components. A state of the equivalent SXM will consists of a combination of the
states of the machine components and a matrix of order n × n having Boolean values as non-diagonal
elements. The state explosion problem may still appear, but this will be much more limited than in the case
of ECFSMs since the memory values of the components are not used in the construction of the equivalent
SXM. Existing minimisation techniques for FSMs will still be used to obtain the minimal automaton of the
equivalent SXM.

Our paper goes on to investigate to what extent the equivalent SXM can preserve the “design for test
conditions” of the CSXM components and identifies a class of CSXMs for which the equivalent SXM of the
system meets these “design for test conditions” (more precisely, their relaxed variants).

The CSXM model defined in [BCG99] and investigated in this paper can offer only a low level of
synchronisation. More recently, [GeV00] defines a new CSXM model that uses channels as a higher level of
synchronisation. A future paper will investigate the application of the SXM to this new model.
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